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Introduction 
We based our perturbation calculations (Liu & Archambeau 1975) on the assumption that 
a pure imaginary part in the elastic nioduli would account for the anelastic behaviour - 
equation (9) of Liu & Archambeau (1975). This was illustrated by the Kelvin-Voigt solid 
whose constitutive relation is expressed by equation (8) of Liu & Archambeau (1975). 
Consider shear deformation only, equation (8) of Liu & Archambeau (1 975) becomes 
ae 
u = 21.1€ + 21.1’ - 
at  
where u is the stress and E is the strain. Under a unit step function loading, o(t )  = H ( t ) ;  
H ( t )  = 0, t < 0; H(t)  = 1, t > 1 ,  equation (1) can be solved to give 
Since ~ ~ ~ ( 0 )  = 0, there is no instantaneous strain on a Kelvin-Voigt solid when a stress is 
suddenly applied to it. This is in contrast with the behaviour of rocks, which manifest an 
instantaneous strain upon sudden application of stress and an instantaneous recovery upon 
removal of stress. Equations (8), (9) of Liu & Archambeau therefore do  not correspond 
correctly to the situation inside the Earth. 
A correction 
A more appropriate model for the Earth’s interior is the standard linear solid model, whose 
stress-strain relation is given by 
u + 7, u = 1.1(€ + 7, P )  (3) 
* Published in Geophys. J. R. astr. Soc. (1975) 43,795-814. 
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where p is a deformation modulus and r, is the stress relaxation time under constant strain 
and re is tl e strain relaxation time under constant stress. Indeed, the frequency-dependent 
Q model, I xu)3, in Liu & Archambeau (1975) is based on relaxation mechanisms whose 
stress-stram relations correspond to equation (3) (Zener 1948; Walsh 1968), and Liu, 
Anderson & Kanamori (1976) showed that the observed behaviour of approximately 
constant Q in the interior of the Earth over the seismic frequencies can be modelled by a 
spectrum of such relaxation mechanisms. The step loading response of the standard linear 
solid is solved from equation (3) to give 
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P 
Equation (4) implies 
for the creep function, Nt), of Boltzmann's after-effect equation (e.g. Fung 1965), 
eft) = J-r U(r)Ht- 7)dr. 
m 
(4) 
This is because if u(r )=H(r ) ,  u(r) =6(r) ,  the Dirac delta function, and equation (6) 
reduces to @(t) = ESH(f). 
With u(--oo) = 0 and t - r = 8, equation (6) becomes 
When the attenuation is small, different relaxation mechanisms can be assumed to operate 
independently of each other, and equation (6a) can be generalized to give 
For sinusoidd disturbance 
(6b) 
The complex modulus pc is defined as 
Pc = P/(A - $1. 
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The complex wave number 
3 
where up(w) is the body-wave phase velocity at angular frequency w and cu(w)is the attenua- 
tion factor at the corresponding angular frequency, is related to pc by 
KO E K(0) .  
The internal friction coefficient, tan 6, (= Q-l for small attenuation) is given by 
I m ( P c )  - B 
Re ( v c )  A 
tan6 = ___ - - .  
The body-wave phase velocity up is given by 
for small attenuation. u, = m p  and p is density in the above equation. Equation (12), 
up = m, implies an effective real part of rigidity 
i.e. we should have included in equation (9) of Liu & Archambeau (1975) a first-order 
perturbation in the real part of the elastic moduli. This first-order perturbation in the real 
part of the elastic moduli is frequency dependent. Since the CITIII Basin and Range Earth 
model used in our 1975 calculation is derived from short-period body wave data (period - 
ls), we shall take the I-s period Earth model as the zeroth-order unperturbed model - 
equation (14) of Liu & Archambeau (1975). The real part of free oscillation angular 
frequency first-order perturbation is, parallel to equation (3 1) of Liu & Archambeau (1975), 
JP") [Wkl(r)l'dV 
since Avp/up = 2Ap/p. The fractional period shift is 
For numerical computation, we used, as before, the CITIII Basin and Range Earth model 
and the frequencydependent Q-model, Q(o)~ .  The body-wave phase velocity perturbation 
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in equations (14) and (1 5) is calculated as the following: 
(i) From depth 0-28 km, 
Hsi-Ping Liu and Charles B. Archambeau 
according to Kolsky’s phase velocity dispersion formula for constant Q material (Kolsky 
1956). 
(ii) From depth 28-146 km, 
71€ - 710 726 - 720 
= 0.05, = 0.05 
271 272 
rl, r2 are given in Table 3 of I i u  & Archambeau (1975). 
(iii) Below 146 km, 
where 
736 - 730 dGG = 739 = 0.05 
273 
r3 is also given in Table 3 of Liu & Archambeau (1 975). 
anelasticity are 
The corresponding surface-wave (Love wave) phase and group velocity shifts due to 
and 
d 
dl 
DV, = R -  0:) 
R = radius of the Earth 
according to Press (1964). 
The numerical results for fundamental toroidal modes from oT2 to oTrs are presented in 
Figs 1-4. (They correspond respectively to Figs 5, 6, 8, 9 of Liu & Archambeau (1975).) 
is given by equation (14). 
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Figure 2. Fractional shift in fundamental toroidal free oscillation periods due to anelasticity. Earth 
model: ClTIIl Basin and Range; anelastic model: Q(wX. 
The fractional period shifts range from 2.16 to 4.76 per cent and are two orders of magni- 
tude larger than the value calculated by us before. This result is also different from that 
calculated from a frequency-independent Q model of the Earth’s interior (Liu et al. 1976) 
in two respects. 
(i) The fractional shift in toroidal free oscillation periods of the present case is in general 
three times larger than the frequency-independent Q case. 
(ii) The trend is different. The fractional shift in periods increases monotonically with 
period for the present case whereas the fractional shift in periods for the frequency- 
independent Q case has a broad maximum around 220 s and decreases at longer periods. 
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Figure 3. Shift in Love-wave phase velocity due to anelasticity. Earth model: CITIII: anelastic model: 
Q(a),. 
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Figure 4. Shift in Love-wave group velocity due to anelasticity Earth model: CITIII; anelastic model: 
Q(a),. 
These differences can be attributed to the following factors: 
(a) The free oscillation quality factor data are different in the two cases. By including 
Solomon's (1972) data of the Love-wave attenuation in the western United States, the 
theoretical toroidal free oscillation quality factor of Liu & Archambeau (1975) is fit to have 
a minimum - 40 near 100 s. The minimum toroidal free oscillation quality factor of Liu 
el ~ l .  (1976) is taken to be - 120 near 100 s from the data of Smith (1972). 
(b) The relaxation model of seismic attenuation in Liu & Archambeau (1975) has a single 
relaxation time at -0.32 s beneath 146 km. The lowest Q value is Q, = 20 at 0.32 s. This 
low Q, value at the very short period of 0.32 s causes the large phase velocity dispersion 
between 1 s and the free oscillation periods and is responsible for the monotonic trend in 
the fractional shift of periods of the present case. Since Q = (1 + 4w2)/0.2w below 146 km, 
such a low Q, value at 0.32 s still accounts correctly for the relatively high toroidal free 
oscillation quality factors. 
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Correction to ‘Earth’s free oscillations’ 7 
The exact amount and trend of fractional shift in free oscillation periods therefore depend 
on the mechanism and on the frequency dependence of the intrinsic Q of anelastic attenua- 
tion. In any case, the large shifts in free oscillation periods due to anelasticity demands a 
joint inversion of elastic and anelastic propeIties when constructing Earth models from 
seismic body-wave, travel-time, and free oscillation period data. These large shifts of the free 
oscillation periods follow directly from the body wave phase velocity dispersion. A physical 
theory based on general relaxation mechanisms for seismic wave attenuation and dispersion 
has been constructed by Liu et d. (1976) which also discusses other implications in seis- 
mology and upper mantle composition. 
We are grateful to M. J .  Randall for pointing out to us that equation (9) of our 1975 
paper should be generalized. This generalization led to the construction of a seismic 
attenuation-dispersion theory based on physical relaxation mechanisms. 
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